Name Date Pre-Calculus 1

6-1 Matrices and Matrix Operations

Matrix: a rectangular array of numbers or variables, surrounded by two brackets. Usually, matrices are named with

capital letters.

4 6
Examples: A= [—3 4 X] B=
-1 10
A in a matrix is a set of numbers that are aligned horizontally.
A in a matrix is a set of numbers that are aligned vertically.
Each number in a matrix is an entry, sometimes called an of the matrix.

The size of a matrix is described by its dimensions. A matrix with m rows and n columns is an m «x n (read

“m by n”). Matrix dimensions always go row by column.

Example 1: Find the dimensions of matrix A, where A= [—3 4 X] .

4 6
Example 2: Find the dimensions of matrix B above, where B Z{ 1 10 } .

A matrix is a matrix that has the same number of rows as columns. Matrix B in the

previous example is an example of a square matrix.
The main diagonal of a square matrix is the one going from top left to bottom right.

Identity matrix: a square matrix where the main diagonal contains all ones and every other number is a zero.

1 0 0
10
Examples: 0 1 Ojor
0 1
0 0 1
Matrices with only one row are called matrices.

Matrices with only one column are called matrices.




Adding and Subtracting Matrices:

1. When adding or subtracting matrices, the dimensions of those matrices must be exactly the same. Your answer will

also have the same dimensions.
2. When adding matrices, add the corresponding entries.

3. When subtracting matrices, subtract the corresponding entries.

4 1 6 -2
Example 3: Given that A= 3 9 and B = 0 :

a. Find the sum of A and B.

b. Find the difference of A and B.

2 -10 -2 6 10 -2
Example 4: Given that A={14 12 10 andB=| 0 -12 -4
4 -2 2 -5 2 =22

a. Find the sum of A and B.

b. Find the difference of A and B.



Scalar Multiplication: When multiplying a matrix by a constant (called a scalar), we simply multiply each element of

a matrix by the scalar.

8 1
Example 5: If B = {5 4} , find 3B.

X
Example 6: IfA= |:4 2:| , find 10A.

0 -1 -2 6
Example 7: Find 3A+2Bif AZ{S 3:| and B :{ :|

Transposing: To transpose a matrix, we simply interchange the rows and the columns of the matrix. NOTE: if the
matrix is not a square, the transpose will have different dimensions than the original.

Example 8:
1 2
a.IfA=|3 4|, thenA'=
56
3 16

5 .
b. IfM = ,thenM "=
0 12

1 4



Example 9: Simplify each of the following.

1 -2 8 -4
a. 4] 4 1+%-2 14 |=
30 8 6

LG
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6-1 Matrices and Matrix Operations — Homework

Use the following matrices to answer the questions below.

A:1 2 3 B:—Q 3 1 C:-4 }g
4 56 4 50 3 1

2 0 4 5 2
1 -5
E=4 -1 F=|1 3 4 G=
3 2
6 3 06 8
1.C+D 2. B
4.ET+A 5.3G-4H +2C
7. A-B 8.(C+D)

10. Solve for matrix X: 2G+ X =H

6.—2F

9.D'+G'

Pre-Calculus 1



11. Use matrices A, B, and C for the following exercises.

8 1 4 0 5
3 2 4 8
3 0 7 1
A=|0 1 8 -2| B= C=
-2 5 1 7 12 2
37 9 1
6 4 -3 6 0 3
a. Give the dimensions of each matrix. b. Which sum is defined, A + B or B + C? Find the sum.
c. Give the dimensions of A'.
X 3 2 y
12. Solve for x, v, and z: =
-7 0 -7 z+1

13. Can we add any two matrices together? If so, explain why. If not, explain why not and give an example of two

matrices that cannot be added together.
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6-2 Matrix Multiplication

Finding the product of two matrices is only possible when the inner dimensions are the same, meaning that the

number of columns of the first matrix is equal to the number of rows in the second matrix.
If Ais an Mx T matrix and B is an I x N matrix, then the product AB is an MXx N matrix.
Example 1: Given that A is a 2X3 matrix and B is a 3x 3 matrix:

a. Is the product AB defined? If so, what are the dimensions of AB?

b. Is the product BA defined? If so, what are the dimensions of BA?

Multiplying matrices takes practice! Given matrices A and B:

a b c
A= B=
{d e f}

To multiply A x B, we multiply the row of matrix A by the column of matrix B and add the numbers together. The

h i
j k
I m

result goes in the corresponding row/column of the product.

h i
j k
[ m
h+bj+cl ai+bk+cm
{ }{h+‘j+l i+k+m}

-3 2

0
}andB: 0 4

Example 2: Find the product of AB if A= |:3 5
1 -1



-3 2
1 2 0
Example 3: Find the product BA if A= |:3 } andB=| 0 4 |.Does AB=BA?
1 -1

Matrix multiplication is not commutative. Different orders will give different answers, or sometimes will not be

possible!

Example 4: Find the prod ST
xame.1ntepr0uct.2 0 115.

6
Example 5: X :[—2 3 7] andY =|0
3

a. Find XY b. Find YX



Example 6: Multiply each of the following.

1 004 3 1
2 4111 O

a. . b./O 1 0[-|-2 5 10
-3 1|0 1

0 01|00 2 -1

The number 1 is often referred to as the ‘multiplicative identity’. Because any number times 1 is equal to itself.

Identity Matrix: Multiplying any matrix by an Identity matrix will equal itself.

Al=A |-A=A Order doesn’t matter!

Example 7: Find the prod (|22
xample {: Find the product o 53 _5 2

If the product of two matrices A and B is an identity matrix, then A and B are inverses of each other.
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Pre-Calculus 1

6-2 Matrix Multiplication — Homework

c{—ﬁ‘ V]

1. Use the following matrices to perform the given operations.

1 23 -2 3 1
A= B:
45 6 4 50

3 -1
2 0 45 -2
1 -5 5 }/
E=|4 -1 F=[1 3 -4 G= H= 4
3 2 2 -3
3 06 8
a.C-D b.B'-A
c. A-E d.E'- A

10



e. 3G-4H

g. A+3B

2. Find the product of the following:

o O =

o - O

~ O O

«Q O @

> @ T

f.F-E

h.—3B— A+E!

11



3. Matrix S gives the number of three types of cars sold in March by two car dealers, and Matrix P gives the profit for

each type of car sold.
dealer1 2 compact mid full

18 15| compact
S=|24 17 |mid —sized P=[$400 $650 $900] profit

16 20| full —sized

Which matrix is defined, SP or PS? Find the matrix and interpret its elements.

12
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6-3 Determinants

Determinant: a number associated with a square matrix. Determinants can only be found for square matrices.

a b
Notation for a determinant: Given A= { }

c d
a b
1.det(A) 2.|A 3.
c d
b
To calculate the determinant of a 2 x 2 matrix: q =a-d-b-c
C
Example 1: Find the determinant.
6 2 -1 5
a.
-1 3 3 4
-4 6 0 -
c. d.
-2 3 7 8
To calculate the determinant of a 3 x 3 matrix:
Expansion by minors:
5 2 8
3 4 1
7 -1 6

Each element in this matrix is associated with a minor, the 2 x 2 determinant that remains when you cross out a row

or column containing that element.
Step 1: Choose any row or column
Step 2: Cross off the row and column containing that element, one number at a time.

Step 3: Evaluate the determinant of the remaining 2 x 2 matrix and multiply by the number.

+ - +
Step 4: Add or subtract these values according to the sign matrix. | — + —

+ - 4+

13



5 2 8
Example 2: Evaluate 3 4 1.
7 -1 6

—~ @ O

NG N
o -
~ @ o

4 1 -2
Example 3: Find the determinant for F =| 1 3 —4|.
0O 6 8

Diagonal Method: Step 1: Re-write the first

two columns on the right
side of the determinant

(S ]
= h L
(=]

(==
N

(== I ]

Step Z: Circle the 3
diagonals going down and 1
right and multiply the
numbers inside.

oo LA
o
I

LI T

Add all three numbers. 7

=]

1-5-0

+

2-6-7 + 3-4-8

Step 3: Circle the 3

diagonals going up and
right and multiply the
numbers inside. 4

—
Lh b
(=T WY
o R R
[

5
8

|
=]

Add all three numbers.

7-5-3 + 8-6-1 + 0-4-2

Step 4: Subtract:
Step 2 minus Step 3

Example 4: Find the following determinant using the diagonal method.

2 7 -3
-1 5 -4
6 9 0

|
_ N

[ 2 I el %)

~N w o1

|
NN

[ 2 N el %)

14
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6-3 Determinants — Practice

1. Evaluate each determinant.

2 3 8 5
“a 5 4 4
3 -5 -5 4
“l7 10 4 -3
2. Complete expanding by minors of the top row. 3. Complete expanding by minors of the third column.
3 2 4 3 2 4
7 1 51 5 7
5 7 1= - + 5 7 1=4"— —|-1— —|+9— —
— 16 9 — 8 99 — |18 6 I o
8 6 9 8 6 9
4. Evaluate each of the following by expansion by minors.
4 -7 3 -1 3 2
a.l2 0 O b./4 0 1
6 1 50
5. Evaluate each of the following by using the diagonal method.
1 -3 4 1 2 3
a.l0 1 1 b.|2 4 6
5 -2 3 17 18 19

15
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6-3 Determinants — Homework

Evaluate each determinant using any method.

3 -2 1 -3 2 -3
1.3 -1 -2 2./0 -1 -1
3 -2 -3 3 0 -3
5 3 6 -6 1
3.l-4 -5 1 4.3 -5 -2
5 3 4 3 -3
6 2 -1 2 5 -4
5./-5 -4 -5 6./0 -3 5
3 -3 1 5 5 -6
3 4 6 5 -3
7.1-4 6 3 8.1-5 4 -2
1 -4 3 1 -4 5

Pre-Calculus 1

16



-1 -8 9
9.4 12 7
-10 3 2

0 a b
11.[0 ¢ d
0 x vy

12. What value of x makes the determinant -4?

-2 0 O
-6 x 1
-4 0 -1

-5 5
10.1-8 9
8 5

5
-3
9

17
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Multiplying Matrices — Calculator Lesson

Ti-nspire:

1.

2. Select the button above the multiplication button and the menu shown below will pop up.

3.

4.
5.
6.

7.

Open up a calculator page.

HECIKE
oon | [38] |l

limo
o |35

oo
o

o

de T
[
LI-T]

&

For a 2 x 2 matrix select:

For any other size, select:
Fill in your matrix.

Put in the multiply sign.
Repeat steps 2-4 for your second matrix.

Hit “enter” and your answer will come up.

TI-84/85:

8.

9.

. Hit 2nd 2 x-1>scroll to Edit=>[(A)]

. Enter the size of the first matrix (i.e 2 x 2)

. Enter numbers into your matrix. Hit enter after typing each number.
. Hit 2rd>mode to go back to the home screen.

. Hit 2nd>x-12scroll to Edit>[(B)]

. Enter size of second matrix. Then enter in the numbers.

. Hit 2nd>mode to go back to the home screen.

Hit 204> x1>[(A)]

Hit the multiplication sign

10. Hit 214->x1>[(B)]

11. Hit enter and your answer will come up on the right.

Pre-Calculus 1
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Determinants — Calculator Lesson

Ti-Nspire:

1.
2.

3. Select the button above the multiplication button and the menu shown below will pop up.

4.

5.

6.

For a 3 x 3 matrix select:

Open up a calculator page.

Type “det()”

* |40 " | |{as] {88 4 | {8
ol | oo |9 || ] Zo|fin|4o|do

%0 | [Ban |[pan 373 | Ty

oo
(=]

&
=

[ —

For a 2 x 2 matrix select: EE]

“okay” . .
1 2 3]

Fill in your matrix as defil4 5 || shown:
L7 8 9J

Hit “Enter” and the answer to the determinant will shown up on the right.

Ti-83/84:

1.

Hit 2nd 2> x-1-> scroll to Edit%[(A)]

. Enter the size of your matrix (i.e. 2 x 2 or 3 x 3).

. Enter in your numbers. Hit enter after typing each number.
. Hit 2 = mode to go back to home screen

. hit 2nd S>x-1> scroll to MATH > det(

. Hit 2nd >x1>[(A)]

. Put a ) at the end and hit enter.

. Your answer will come up on the right.

Pre-Calculus 1

[EEE Then fill in “3” for number of rows and “3” for number of colums and press

19
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Calculator — Practice

1. Use your calculator to find the product of each of the following.

1 4 6 10
3 6||-2 5 1 4 6 10

a. : b. 42 7 5 3
7 8|6 1 2 7 5 3

9 0 11 8

2 3 48,
e[l 4 6]|5 8 dOZ-{ }
9 4

79 16

2. Use your calculator to find each of the determinants below.

9 1 2 -5
a. b.
3 5 9 13
“12.6 4.25 18
6 9 3

20



Name Date

Pre-Calculus 1

6-4 Cramer’s Rule

Cramer’s Rule uses determinants to solve systems of equations.

ax+by=e
Consider the svstem:
cx+dy=f

In order to solve, we need to find three determinants:

a b e b
D= D, =
c d f d
The coefficients of x and y replace x coefficients with constants

The solution to these systems is an ordered pair (x, y), where: X = EX andy =—

Example 1: Solve the following system using Cramer’s Rule:

3X+5y=7
4x+9y =11

Example 2: Solve the following system using Cramer’s Rule:

3X-y+2z=4
2x+3y—-z=14
TX—4y+3z=-4

replace y coefficients with constants

D

y

D

21
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Name
6-4 Cramer’s Rule — Homework

1. Set up and solve the following systems of equations using Cramer’s Rule.

x+2y=11 9X+6y =3
" l10x+3y =15 l4x+3y=2
-5x-10y =-5
“13x+6y=-1

2. Clark enjoys watching moves. Last year he spent $123 to rent 32 movies in total. The rental fee is $4.50 for New

Releases and $3 for classics. How many of each type did he rent? Set up a system of equations to solve this problem.

Then use Cramer’s Rule to solve.

22



3. Three families went to a fast food restaurant for dinner. The first family ordered 5 hamburgers, 3 fries, and four

sodas and paid $23.50. The second family ordered 6 hamburgers, 6 fries, and 5 sodas and paid $32. The third family

ordered ten hamburgers, 7 fries, and 8 cokes and paid $48.50. How much would it cost to order one of each? Set up a

system to solve this problem. Then solve it using Cramer’s Rule.

4. Use Cramer’s Rule to solve each of the following equations.

—2x-5y+4z=21
a.s—-5x-5y+z=21
—4y—-47=38
SX+y—-4z=-4
b.q-3y—-6z=-21
—X—-y-2=-6
—4x—-6z=-12
c.q—6X—-4y—-22=6
—-X+2y+z=9

23
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6-5 Inverse Matrices and Matrix Equations

Example 1: Multiply each of the following.

2 4)[1 0 o 1ol s
3 1/l0 1 ' IS
00 1/|l0 2 -1

Identity Matrix: a square matrix whose main diagonal elements are 1 and whose other elements are 0.

2 11|13 -1
Example 2: Multiply the following. {5 3}|: 5 2}

When we multiply two matrices together and the result is the identity matrix, we call these matrices inverses of each

other. Only square matrices have inverses.

How to find the inverse of a 2x2 Matrix:

a b d -b
IfA= , then A= i ) where|A| =ad -bc
c d |All-c a
Example 3: Find A, Check your solutions!
A 1 2 Al 4 -3
R 12 9

24



Matrix Equations: Since we cannot divide by matrices, we use inverses to solve matrix equations that would require

division.

BUT REMEMBER: ORDER MATTERS when multiplying matrices!

Example 4: Solve the following matrix equations.

N EE B

25



3 2 g8 10] [-3 -1
c. M - -
5 -4 15 6] |4 -21

Example 5: Solve each of the following systems.

SX+4y=-2
*l2x+3y=-5
b 2x+3y=-1
T6x+11y =1

|

26
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6-5 Inverse Matrices and Matrix Equations — Practice

2 S0

Solve each of the following equations.

-8 6 10 7 9 -8
L. X+ =
{—4 1} {—3 10} [14 15}

~10 22 3 -2] [-11 27 1 ~100 249
2 X - = 4. =X =
2 -1 7 10| |30 22 2 11 -18

Pre-Calculus 1

28
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6-5 Inverse Matrices and Matrix Equations — Homework

1. Use the following matrices to find the specified matrices. If a matrix does not exist, write not defined.

3 4 5 11 9 3 2 0 81
ML PR I M L

aM™ b.MM ™
c.—C d.C™

-1
e-?C f.—2D+C

29









