Chapter 6

How many children are in your family?

Count up the number of children in your family (including yourself). Be sure to include all
your stepbrothers/stepsisters and half-brothers/half-sisters.

Let X = the number of children. Suppose we choose someone from the class at random.

X 1 2 3 4 5 6+

Probability

1. Is this a valid probability model? Explain.

2. Is 5.7167 a possible value for X? Explain.

3. Make a histogram to display information with X on the horizontal axis, and describe its shape.

4. Describe in words what P(X >3) and then find P(X >3).

5. Describe in words what P(X >3) and then find P(X > 3).



6. Find the average of the X values.

7. Does this value tell us the average number of children in the families of students in this class?
If yes, explain. If no, why not?

Important Ideas
1. Random Variable

2. Probability Distribution

3. Discrete random variable

»

Probability distribution histogram

o

Expected Value (Mean) of a discrete random variable



Try This

Home Alone is a series of American Christmas family comedy films created by John Hughes. There are 5
Home Alone movies. Below is a probability distribution of the number of Home Alone movies watched by a
very large sample of high school students.

Number of Home Alone 0 1 2 3 4 5
Movies Watched
Probability 0.15 0.42 0.32 ? 0.02 0.01

Write the event “the student has seen 3 Home Alone movies” using probability notation. Then find this
probability.

Explain in words what P(X > 3) means. What is this probability?

Make a histogram of the probability distribution. Describe its shape.

Calculate and interpret the expected value of X.



How much do you get paid?

Suppose you got a new job and each day your boss draws a slip of paper from a bag to
determine your wage for the day. Let the random variable X = daily wage ($ per hour).

1. What is your wage for the day?
the table below.

Add your data to the table on the board and complete

X 1 5 7 10 15 25
Probability
2. Calculate and interpret the expected value of X.
Value | Distance (Distance Weighted
from mean | from mean)? | (Distance
from the
mean)?
1
3. Recall from chapter 1 that standard deviation
tells us the typical distance from the mean. 5
Complete the table to calculate the standard
deviation for the probability distribution. 7
10
4. Interpret the standard deviation.
15
25
Total =
SD =




5. Your boss decides she would rather assign wages so that employees could get any amount
from $10 to $20 and all are equally likely. Draw a graph to represent this probability
distribution.

6. What is the probability that an employee makes between $12 and $12.50?

Important Ideas

1. Standard Deviation of a discrete random variable

2. Variance of a discrete random variable

3. Continuous random variables



Try This

The heights of young women can be modeled by a Normal distribution with mean
1 = 64 inches and standard deviation o = 2.7 inches. Suppose we choose a young woman at random
and let Y = her height (in inches).

a) What type of variable is Y, discrete or continuous? Explain.

b) Interpret the standard deviation.

c) Find P(Y < 63). Interpret this value.

d) Find P(68 <Y < 70). Interpret this value.



In Statistics, many vocabulary words sound similar but represent very different ideas. Let’s explore
some of the key difference in the ideas of a variable and a random variable.

In the table below, the key ideas of a variable are summarized. From your reading, try to fill in the
corresponding ideas of a random variable.

Variable Random Variable
Wnat A characteristic of
Describes an individual
Types Categorical Quantitative
. Numeric, where
Possible An averages make
Values y g
sense
gg'cﬁsl Pie Chart, Histogram,
b Bar Chart Boxplot
used
Typical Analyzing the distribution of
Uses a specific sample
Variable: Gender at Birth
Type: Categorical
Examples Possible Values: Male, Female
Distribution: Varies by sample




Time for a Raise

The employees have been working very hard and it’s time the boss gives them a raise.
She is trying to decide if she should give everyone a $10 raise (add $10 per hour) or

double everyone’s wage (multiply by 2).

Copy the data collected from yesterday’s lesson below.

X 1 5 7 10 15 25

Probability

Mean: Standard Deviation:

To make a decision about what raise should be given, complete the tables below and calculate
the new mean and standard deviation using your calculator.

Option 1: Add $10 per hour to all employees

X -0Id 1 5 7 10 15 25
Wage
Y - New
Wage
Probability
Mean: Standard Deviation:

How did adding a constant affect the mean and standard deviation?

Option 2: Double the wage of all employees

X —-0ld 1 5 7 10 15 25
Wage
Z - New
Wage
Probability
Mean: Standard Deviation:

How did multiplying by a constant affect the mean and standard deviation?



Which option would you prefer? Why?

Important Ideas
1. Adding/Subtracting a constant, c, on a probability distribution.

2. Multiplying/dividing a constant, ¢, on a probability distribution



Try This

Let X = the number billionaires in a randomly selected state. Based on current records, the probability
distribution of X is as follows:

Number of
Billionaires

0

1

2

3

4

5

6

8

9

10

11

12

13

17

56

58

118

165

Probability

0.10

0.24

0.06

0.06

0.04

0.08

0.04

0.04

0.06

0.08

0.02

0.02

0.02

0.06

0.02

0.02

0.02

0.02

The random variable X has mean p, = 12.68 and standard deviation g, = 28.96. Suppose a law is
passed requiring each billionaire to pay $1,000,000 to their state. Let Y = the money received by a
randomly selected state.

1. Consider the graph of the probability distribution of X and a separate graph of the probability
distribution of Y. How would their shapes compare?

2. Find the mean of Y.

3. Calculate and interpret the standard deviation of Y.

4. Each state agrees to invest $500,000 to improve roads. Therefore, the net amount (N) of money a
randomly selected state has after the billionaire tax is N =Y — $500,000. Describe the shape, mean,
and standard deviation of the probability distribution of N.
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How much will you make next year?

After much thought the boss has finally decided on permanent employee wages which are
randomly assigned using the probability distribution X given below. Additionally, at the end
of every year she gives her employees an hourly raise. The bonuses are assigned
randomly according to the probability distribution Y given below. Assume X and Y are
independent.

Find the mean, variance and standard deviation of the probability distribution of X, the hourly
wages.

X 9 12 15
Probability 0.30 0.45 0.25
Mean: Variance: Standard Deviation:

Find the mean, variance and standard deviation of the probability distribution of Y, the annual
hourly raise.

v $1 $3
Probability 0.70 0.30
Mean: Variance: Standard Deviation:

Let N = the new hourly wage for the upcoming year (X + ).

What are all the possible new hourly wages for the new year?

What is the probability of an employee being assigned a $9 wage AND a $1 raise? Show your
work.

Complete the table below for the probability distribution of N = X + Y and find the mean and
standard deviation.

N

Probability

Mean: Variance: Standard Deviation:

If N =X +Y, complete the following in terms of X and Y:
Un = ON =

11



Important Ideas

1. Adding & Subtracting Random Variables X & Y

Mean:

Standard Deviation:

Try This

Mrs. Chauvet recently had twins. Let X = the number of diaper changes per day for Alyse and Y = the
number of diaper changes per day for Jocelyn. Based on a few weeks of careful records, the probability
distributions of X and Y are as follows:

Number of diapers 3 4 5 5 Number of diapers 3 4 5 5
changed X; changed y;

Probability pi 0.05 ] 0.25 | 0.75 | 0.10 Probability pi 0.05 | 0.20 | 0.55 | 0.20
Mean: ,, =5.5 SD: 0, =1.043 Mean: ,, =4.9 SD: 0,=0.768

Define T = X + Y. Assume that X and Y are independent.

1. Find and interpret ur.

2. Calculate and interpret o7.

3. Alyse wears Diaper size 1, which cost $0.238 per diaper and Jocelyn wears Diaper size 2 which

cost $0.2975 per diaper. Find the mean and standard deviation of Mrs. Chauvet’s total diaper cost per

day.
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What happens if we combine two Normal (continuous) random variables?
* Any sum or difference of independent Normal random variables is also Normally distributed.

* The mean and standard deviation of the resulting Normal distribution can be found using the same
rules for means and variances that we have been using for discrete random variables.

1. Suppose that a certain variety of apples have weights that follow a Normal distribution with a mean
of 9 ounces and a standard deviation of 1.5 ounces.

If bags of apples are filled by randomly selecting 12 apples, what is the probability that the sum of the
weights of the 12 apples is less than 100 ounces?

2. To save time and money, many single people have decided to try speed dating. At a speed dating
event, women sit in a circle and men spend about 10 minutes getting to know a woman before
moving on to the next one. Suppose that the height M of male speed daters follows a Normal
distribution with a mean of 69.5 inches and a standard deviation of 4 inches and the height F of
female speed daters follows a Normal distribution with a mean of 65 inches and a standard deviation
of 3 inches.

What is the probability that a randomly selected male speed dater is taller than the randomly selected
female speed dater with whom he is paired?
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Will the U.S. Win the World Cup?

The U.S. women’s soccer team is doing some calculations to help prepare for the upcoming World Cup. They
are convinced that the toughest matches are likely to end in a tie. These matches require a shootout to break
the tie, where each team gets 5 penalty kicks. They believe that they will need to make 4 or more penalty kicks
to win.

Over the history of the World Cup, about 70% of penalty kicks in a shootout are made. Let’s assume this is the probability for each
of the players on the U.S. team and that each kick is independent.

1. What is the probability that the team will make all 5 penalty kicks?
P(make all 5) = P(make 1 AND make 2" AND...make 5%) = ( )( )( )( )( )
-( ) -

2. What is the probability that the team will make exactly 4 of the penalty kicks?

a. One way this could happen is making the first four kicks and then missing the last one.

P(make 1+ AND make 274 AND....miss 5'h)=( i )( )( )( _)( )

b. Name another way to make exactly 4 penalty kicks, then find the probability.

d =( )0 )0 )00 )
) () = —

c. What do you notice about the probabilities is part a and part b?

d. How many different ways are there of making exactly 4 of the penalty kicks? List them out.
e. Overall, what is the probability that the team will score on exactly 4 of the penalty kicks? Show your work.

3. One student calculated the probability of making exactly 4 of the penalty kicks using this formula. Identify what each part
of the formula represents.

15N o1
P(exactly 4 successes out of 5 trials) = 5 (0.7) (0.3)
L N

4. If a World Cup game ends in a shootout, what is the probability that the U.S. team wins2
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Binomial Random Variable

1. Conditions for binomial setting

2. Binomial formula

3. Describing a Binomial Distribution

4. Mean of a Binomial Distribution

5. Standard Deviation of a Binomial Distribution
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Try This

For each of the following situations, determine whether or not the given random variable has a binomial
distribution. Justify your answer.

1. You play a game of Whack-a-Mole. From playing this game in the past, you know that you have an
80% probability of whacking the mole before it drops back into its hole. The moles pop up randomly and
your ability to whack any particular mole is not affected by whether or not you whacked the previous
mole. There are 20 moles to be whacked during one round of the game. Let X = the number of moles
you are able to whack.

2. Next you play Skee Ball. You know that you have a 10% probability of getting any given ball in the
10,000-point hole. Let Y = the number of balls you must roll until you get one in the 10,000-point hole.

3. Now you play a game called Tsunami Duck Pond. In Tsunami Duck Pond there are 100 ducks that
get pummeled by tidal waves. You have to reach your hand into the tsunami and select a duck. If
there is a star on the bottom of the duck, you win. The game claims to have 20 ducks with stars
among the 100 ducks. After each round you must place the duck back in the tumultuous water. Let W
= the number of times you win if you play this game 10 times.

a. Explain why W is a binomial random variable.

b. Find the probability that you win exactly 3 times.
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4. You are going to take a 5 question multiple choice quiz (4 choices each) in AP Stat. You forgot to

study and you decide to guess on each question.

a. Let X = number of correct guesses. Is this a binomial setting? Explain.

b. Calculate the probability of getting exactly 2 correct. Show your work.

c. Fillin the table below showing the probability of getting exactly X correct.

# correct (X) 0 1 2 3 4

Probability

d. Find and interpret the mean of the distribution. Show your work.

e. Find and interpret the standard deviation of the distribution.

f. What is the probability of getting at most 3 correct?

g. What is the probability of getting 3 or more correct?
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More Binomial

1. 10% Condition

2. Large Count Condition

Try These
Suppose that 65% of high school students eat breakfast before going to school. A random sample of 500
high school students were surveyed. Let X = the number of high school students in a random sample of
size 500 who eat breakfast before going to school.

1. Explain why X can be modeled by a binomial distribution even though the sample was selected
without replacement.

2. Use a binomial distribution to estimate the probability that 300 or fewer high school students in the
sample eat breakfast before going to school.
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3. Justify why X can be approximated by a Normal distribution.

4. Use a Normal distribution to estimate the probability that 300 or fewer high school students in the
sample eat breakfast before going to school.

Geometric Random Variables

1. Geometric Setting

2. Geometric Formula

3. Describing a Geometric Distribution
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Try This
Mason never has a pencil when test day rolls around. Because the classmates are tired of having to
supply pencils for Mason, only 15% of students will give Mason a pencil when asked. Today is test

day and Mason begins asking randomly selected students for a pencil. Let Y = the number of
students Mason asks until he finds someone who will give him a pencil.

Describe this probability distribution. Be sure to check the appropriate conditions.

What is the probability that the third person asked is the first person who gives him a pencil?

What is the probability that Mason gets a pencil by the third person he would ask?

How many people should Mason expect to ask before getting a pencil?
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Should Mason be surprised if Mason didn’t receive a pencil until he asked at least 10 people?
Calculate a probability to justify your answer.

Find the standard deviation for the distribution of the number of people he asks for a pencil before
finding someone who will give him one.
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