Calculus H Name
Notes Ch. 4 (1,2)

4.1 Maxima and Minima

With a working understanding of derivatives, we now undertake one of the fundamental tasks of calculus: analyzing
the behavior of functions and producing accurate graphs of them.

Absolute maximum:
No greater value of fon [a, b].
Also a local maximum.

Local maximum:
No greater value
of f nearby.

No smaller value of

Absolute minimum:
fon[a, b].

Local minimum:
No smaller value
of f nearby.
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DEFINITION: Local Maximum and Minimum Values
Suppose c is an interior point of some interval I on which f is defined. If f(c) = f(x) forall x in I, then f(c) isa
local maximum value of f. If f(c) < f(x) forall x in I, then f(c) is a local minimum value of f.

EXAMPLE: The figure below shows the graph of a function defined on [a, b]. Identify the location of the various
maxima and minima using the terms absolute and local.
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THEOREM 4.2 Local Extreme Value Theorem
If £ has a local maximum or minimum value at c and f'(c) exists, then f'(c) = 0.
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Local extrema can also occur at points ¢ where f'(c) does not exist. The figure below shows two such cases, one in
which c is a point of discontinuity and one in which f has a corner point at c. Because local extrema may occur at
points ¢ where f'(c) = 0 or where f'(c) does not exist, we make the following definition.
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A local maximum at ¢
where f'(c) does not exist.

A local minimum at ¢
where ['(¢) does not exist.
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DEFINITION: Critical Point
An interior point ¢ of the domain of f at which f'(c¢) = 0 or f'(c) fails to exist is called a critical point of f.



The converse to Theorem 4.2 is not always true. Just because f'(c) = 0 doesn’t mean there has to be a local
maximum or minimum. It is also possible that ' (c) fails to exist , with no local extreme value occurring at c.
Critical points are candidates for the location of local extreme values.
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f"(¢) = 0. but no
local max/min at c.

f'(c) does not exist, but
no local max/min at c.

=Y

W

—Y

N —_,—_—————— ]
]

EXAMPLE: Find the critical points of f(x) = xIn x.



Find the critical points of the following functions.

1. f(x)=3x%—4x+2

1 1
2. f(x) =§X3 —EX

4. f(x)=

x4
4

3
~=—3x*+10

5. f(x) =3x* + 2~ 2x

6. fO) =" —3x7+5



4.2 Rolle’s Theorem

Rolle's Theorem

Consider a function f that is continuous on a closed interval [a, b] and differentiable on the open interval (a, b).
Furthermore, assume f has the special property that f(a) = f(b) (see figure below). The statement of Rolle's
Theorem is not surprising: It says that somewhere between a and b, there is at least one point at which f has a
horizontal tangent line (critical point).
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THEOREM 4.3 Rolle’s Theorem
Let f be continuous on a closed interval [a, b] and differentiable on (a, b) with
f(a) = f(b). There is at least one point ¢ in (a, b) such that f'(¢) = 0.

0

Some consequences of this:

e Casel: f(x)=k,for some constant k.
Derivative is 0 everywhere so pick any value in (a, b).

e Casell: f(x)>f(a) forsomexin (a, b).
There must be a maximum value somewhere on (a, b).

e Caselll: f(x)< f(a) forsomexin (a,b).
There must be a minimum value somewhere on (a, b).



Why does Rolle's Theorem require continuity? A function that is not continuous on [a, b] may have identical values at
both endpoints and still not have a horizontal tangent line at any point on the interval. Similarly, a function that is
continuous on [a, b] but not differentiable at a point of (a, b) may also fail to have a horizontal tangent line.

No horizontal tangent

. lines on (a. b).
No horizontal tangent

YA lines on (a, b).

[ not differentiable
on (a, b)

f not continuous
on [a, b]
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EXAMPLE: Find an interval I on which Rolle's Theorem applies to f(x) = x3 — 7x2 + 10x. Then find all points ¢
in I at which f'(c) = 0. Confirm with your graphing calculator.

Practice:

1. Determine whether Rolle's Theorem applies to the following functions on the given interval. If so, find the point(s)
guaranteed to exist by Rolle's Theorem.

a. f(x)=x"—4x+1, [0, 4]



b. f(x)=x"-3x+2x+5, [0, 2]

c. f[(x)=xVx+6,  [6, 0]

2. Let f(x)=1-x"". Show that f(~1)= f(1) but there is no number ¢ in (-1, 1) such that f"(c)=0. Why does

this not contradict Rolle’s Theorem?

Determine whether Rolle's Theorem applies to the following functions on the given interval. If so, find the point(s)
guaranteed to exist by Rolle's Theorem.

1. f(x) =x(x—1)%[0,1]



2. f(x)=sin2x;[0,m/2]

3. f(x) = cos4x;[r/8,3m/8]

4 fO)=1-|x[;[-11]

5. f(x) =x3—2x%—8x;[-2,4]



4.2 Mean Value Theorem

Mean Value Theorem

The Mean Value Theorem is easily understood with the aid of a picture. The figure below shows a function f
differentiable on (a, b) with a secant line passing through (a, f(a)) and (b, f (b)); the slope of the secant line is the
average rate of change of f over [a, b]. The Mean Value Theorem claims that there exists a point c in (a, b) at which
the slope of the tangent line at c is equal to the slope of the secant line. In other words, we can find a point on the
graph of f where the tangent line is parallel to the secant line.

These lines are parallel and
their slopes are equal, that is...

Secant line: slope =
P b—a

YA
Tangent line: slope = f'(c)

THEOREM 4.4 Mean Value Theorem
If f is continuous on the closed interval [a, b] and differentiable on (a, b), then
there is at least one point ¢ in (a, #) such that

f(b) = fla)
T b4 f'(e).

a c b X

b —a

=1

The following situation offers an interpretation of the Mean Value Theorem. Imagine driving for 2 hours to a town
100 miles away. While your average speed is 100mi/2hr = 50mi/hr, your instantaneous speed (measured by the
speedometer) almost certainly varies. The Mean Value Theorem says that at some point during the trip, your
instantaneous speed equals your average speed, which is 50mi/hr.

EXAMPLE: Determine whether the function f(x) = 2x3 — 3x + 1 satisfies the conditions of the Mean Value
Theorem on the inter-val[—2, 2]. If so, find the point(s) guaranteed to exist by the theorem.



Consider the following functions on the given interval [a, b].

a. Determine whether the Mean Value Theorem applies to the following functions on the given interval [a, b].
b. If so, find the point(s) that are guaranteed to exist by the Mean Value Theorem.

1. f(x)=7-—x%[-12]

2. f(x)=x3—2x%[0,1]

3. f00) = 53 02]
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4. f(x)=e*[0,1]

5 f(x)=In2x;[1,e]
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6. f(x) =sinx; |—

|
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7. f(x)=3x"+2x+5, [-1, 1]

8. f(x)

I
@D

2 [0, 3]

9. f(x)=—. [1 4]

x+2
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Notes Ch. 4 (3, 4)

What is the derivative of 7(x)=6x - x*

Now complete the table.

0 1 2 3 4 5 6

X
f(x)

Six)

Let’s plot the points of f(x).

The function is increasing when the derivative is

The function is decreasing when the derivative is

The function has a local minimum/maximum when

First Derivative Test

If ft(x)changes from negative to positive at an x-value of ¢ and f(x) is continuous at x = c, then f(c) is a local
(relative) minimum of f(x).

If ft(x)changes from positive to negative at an x-value of ¢ and f(x) is continuous at x = c, then f(c) is a local
(relative) maximum of f(x).

If ft(x)does not change sign at c, then f(c) is a neither a local (relative) maximum nor local (relative) minimum.

13



Examples

1) Use the derivative to sketch the graph of: f(x) = 4x — x2

a) Find: f'(x) =

Let’s find the zeros of the derivative first. What do the zeros tell us about f(x)?

b) Solve: f'(x) =0

Now let’s analyze the sign of each interval created by the zeros. We’ll call this the number-line graph of the first
derivative.

c) Create the number-line graph:

From this analysis, determine:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at:

d) Find some additional points on the graph of f(x). Always choose the y-intercept, zeros if possible, or any value for

x of your choice.

f(x)
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e) Put it all together. Plot the maxima, minima, and additional points. Use the intervals of increasing and decreasing to
connect the points with a smooth curve.

A
v
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2) Use the derivative to sketch the graph of: f(x) = x3 — 9x% + 24x — 14

a) Find: f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph:

From this analysis, determine:
Interval(s) in x where f(x) is increasing:
Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at;

d) Additional points:

e) Sketch!

f(x)

A

v
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3) Use the derivative to sketch the graph of: f(x) = x3

a) Find: f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph:

From this analysis, determine:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at;

d) Additional points:

e) Sketch!

f(x)

v

A
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4) Use the derivative to sketch the graph of: f(x) = x* — 4x3 + 15

a) Find: f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph:

From this analysis, determine:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at;

d) Additional points: X 0

f(x)

e) Sketch!

A

v
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Second Derivative, Concavity and Points of Inflection

What is concave up?

What is concave down?

Our first derivative f%(x) tells us what:

Our second derivative f(x) tells us what:

What is a point of inflection?

19



Example 1: Given f(x)=x*

What are the zeros of the derivative?

Find the local minimum(s) and maximum(s) of the graph using the derivative.

Now let’s find the zeros of the second derivative and make another number line.

What is the coordinate of the point of inflection?
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Properties of Maxima, Minima and Points of Inflection

if and then
if and then
if then
if then
if and then
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The Second Derivative Test

if and then
if and then
if and then
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Using Information from the First and Second Derivatives to Sketch the Graph of a Polynomial Function:
1) Use first and second derivatives to sketch the graph of: f(x) = x> —6x* +12x—4

a) Find: f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph of the first derivative:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at;

d) Find: f'"(x) =
e) Solve: f""(x) =0

f) Create the number-line graph of the second derivative:

From this analysis, determine:

Interval(s) in x where f(x) is concave down:

Interval(s) in x where f(x) is concave up:

Point(s) of inflection occur at:

g) Additional points: X 0
f(x)

h) Sketch

A
v




2) Use first and second derivatives to sketch the graph of: f(x) = x3 — 3x%2 + 3

a) Find:  f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph of the first derivative:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at;

d)Find: " (x) =

e) Solve: f"'"(x) =0

f) Create the number-line graph of the second derivative:

From this analysis, determine:

Interval(s) in x where f(x) is concave down:

Interval(s) in x where f(x) is concave up:

Point(s) of inflection occur at:

g) Additional points: » 0

f(x)

h) Sketch A

A

v
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3) Use first and second derivatives to sketch the graph of: f(x) = 6 + 12x — x3
a) Find: f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph of the first derivative:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at;

d)Find: " (x) =

e) Solve: f"'(x) =0

f) Create the number-line graph of the second derivative:

From this analysis, determine:

Interval(s) in x where f(x) is concave down:

Interval(s) in x where f(x) is concave up:

Point(s) of inflection occur at:

g) Additional points:

f(x)

h) Sketch

A
v
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4) Use first and second derivatives to sketch the graph of: f(x) = x* — 4x3 + 20

a) Find:  f'(x) =

b) Solve: f'(x) =0

c) Create the number-line graph of the first derivative:

Interval(s) in x where f(x) is increasing:

Interval(s) in x where f(x) is decreasing:

Local minima occur at:

Local maxima occur at:

d) Find:  f"(x) =

e) Solve: f"'(x) =0

f) Create the number-line graph of the second derivative:

From this analysis, determine:

Interval(s) in x where f(x) is concave down:

Interval(s) in x where f(x) is concave up:

Point(s) of inflection occur at:

g) Additional points:

f(x)

h) Sketch

A

v
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Notes 4.5 Optimization

Using the first derivative find any local maximums and/or minimums of f(x) = x* — 4x> + 15.

1. An open box is made by cutting squares from the corners of metal that is 36 x 12”.

a) Find an expression for the volume of the open box if a square of side length “x” is cut out. (Put answer in standard
form)

b) For what values of “x” can the above expression be evaluated? (this is the domain of the problem)

c) How could you find the maximum volume that this box could have?

27



2. A rectangular box with a square base and no top (basically... an open box) is to be constructed using a total of 120
square centimeters of cardboard. Find the dimensions of the box with the maximum volume.

3. Suppose you need to build a rectangular corral along the riverbank. Three sides of the corral will be fenced with
barbed wire. The river forms the fourth side of the corral. The total length of fencing available is 1000 ft. What is the
maximum area the corral could have? How should the fence be built to enclose this maximum area? Show all work to
support your answer.

28



Try These
1. Find the dimensions of a rectangle with perimeter 100 ft whose area is as large as possible.

2. An open box is to be made from a 16 in. by 30 in. piece of cardboard by cutting out squares of equal size from the
four corners and bending up the sides. What size should the squares be to obtain a box with largest possible volume?

29



3. You are constructing a box for your cat to sleep in. The plush material for the square bottom of the box costs
$5/ft? and the material for the sides costs $2/ft?. You need a box with volume 4 ft3. Find the dimensions of the
box that minimize the cost. Use x to represent the length of the side of the box.

4. Find the dimensions of the rectangle with maximum area that can be inscribed in a circle of radius 10.

30



4.6 Linear Approximations and Differentials

1. Given f(x) =+/x , find the equation of the tangent line at the point (4, 2).

2. Graph f(x) and the tangent line on the same screen.

3. Zoom into the graph near the point (4, 2). What do you see?

Linear Approximation
When you zoom in really close to any function, what does it look like?
L(x), the linear approximation of f(x) at a is the equation of the tangent line to f(x) at a.
Think about point-slope form:
y-y=m(x-x)

m=f'a) (a,f(a))
L(x) = f(a)+ f(a)(x - a)

Using the warm-up problem, Let’s approximate f(4.02) using the equation of the tangent line.

How close of an approximation did we get?

31



Examples:

1. Find the linear approximation for f(x) = x? at x = 2

a. Use the linear approximation to approximate f(2.02)

b. Is your estimate too high or too low?

2. Find the linear approximation to f(x) =sin (x) atx =0

32



Differentials

Remember

fl(x)=lim L2 Q,another symbol for the derivative.
Dx—0 Dx dx

(==

0
/ 2 4 6 8 10

How do we find dy the differential of y?

dy and dx are separate quantities whose ratio is f'(x) = %, solve for dy.

dy = f'(x)dx

33



Find the equation for the differential dy.

1. y:(x3+2)8

2. y=sinbx

3. y=x’tanx

__ ACotx

5. y=In(secx)

34



For the following exercises, find the linear approximation to y = f(x) near x = a for the functions below.

1. f(x)=x+x*, a=0

2 F(=1 a=2
X

3. f(x)=tanx, a:%

4. f(x)=xsinx, a:%

5. f(x)=sin’x, a=0

35



Find the equation of the tangent line, T, to the graph of f at the given point. Use this linear approximation to complete
the table for each function.

x 19 1199 | 2| 201 | 21

f(x)
T(x)

6. f(X)=x%(2,4)

8. f(x)=vx,(2+2)

9. f(x)=sin(x), (2,sin(2))

10. f(x)=log,(x), (2,1)
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For the following exercises, find the differential, dy, of the function

11, y=3x*+x?2 - 2x+ 1

12.

13.

14.

15.

16.

17.

Y = XCOS X
y=vitx
_ x%42

y_x—l
y=3x2—-4
y:3x2/3
_ x+1
C2x—1
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18.

19.

20.

21.

22.

23.

24.

y =49 —x?

y=2xy1—x2

1
}’:\/E'Fﬁ

y=ln( 4—x2)

y = e %*cos(4x)

y = 3x —sin?x

Y = XCOS X
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4.7 I’Hopital’s Rule

. . . 3 0. .. . . .
If an expression takes on the indeterminate form 8% or z- its limit can be found using 1’Hopital’s Rule.
g

jim 7 = i /)
e g(x) e g'(x)

This means if you try to find a limit and it takes on the indeterminate form, take the derivative of the top function and

bottom function and try to find the limit again.

Steps:

0 o0
1. Check to see if the limitis = O —.
0 o0

2. Take the derivative of the numerator and derivative of the denominator and simplify.

o0
3. Evaluate the limit. If the limit yields 6 or ;, use I’Hopital’s Rule again.

4. Repeat.

Example:

2—
1. lim X2
x->3 x-3

5. fim ()
-1 x° =1
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3. lim

sin(3x)

x—0 Sin(8x)

4. lim
“ (e-r)

1+cosx

sinz(p+hj—1
lim—5 4
5. h—0 h
2
Inx
6. lim u
X—>00 e 7

40



Evaluate by using L’Hopital’s Rule, if possible.

2— —
1. lim X =*-2
x—=2 x-=-2

Ja—x2 -2

3. lim
x—0 X
- ?n(ZX)
x>0 sin(3x)
2
7 Iim3x —-2x+1

x>o  2x2+3

Vx+1-2

9. lim
-3 x-3
. Inx
11. lim —=
X—> o0 X

10.

12.

lim
X—> 0 X
X
—(1-x
lim ( )
x—>0 X
ia-1
. SIn""x
lim
x—0 X
X2+ 2x+1
lim ——— =
X—> 00 X—l
lim X
X—> eSX
. e2X —l
lim —
x—0 e
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Notes 4.9 Antiderivatives

What is an antiderivative?

Find the antiderivative of f(x)=2x

The Family of Antiderivatives

Let F be any antiderivative of f on an interval I. Then all the antiderivatives of f on | have the form F + C,
where C is an arbitrary constant.

Use what you know about derivatives to find all antiderivatives of the following functions.

1. f(x)=3x?
2. f(x)=

) 1+x°
3. g(t)=sint
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Indefinite Integrals

If we want to find the antiderivative of f(x) = x*, we can write it using integral notation.
4
_[ X" dx

“the integral of x* with respect to x”

I is the integral sign.
4
IX dx is the integral

4
X" s called the integrand

dX is called the differential of the argument (the variable of integration)

Writing the answer to an indefinite integral is called evaluating or integrating it.

,jx“dx _

Therefore..
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Power Rule for Indefinite Integrals

Ix”dx=ix””+c, n=-1
n+1

Examples

L jxgdx

5 jxgdx

3 J\/Xisdx

44



Constant Multiple and Sum Rules

Ic f(x)dx = cj f (x)dx, for real numbers c.

j [f(x)+g(x)]dx= j f (x)dx + j g(x)dx
Examples

1. J.(3x5+2—5\/§)dx

4" —5x7°
L [

3. [(2+1)(22-5)dz
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Indefinite Integrals of Trig Functions

Icosxdx:sin Xx+C
Isec2 xdx =tan x+C

Isecxtan xdx=secx+C

Examples

1. J'(2x+3cos x) dx

sin X
2._[ 5 dx
CoS” X

3. j(gsin X —2¢sc? xjdx

T

HJ
" I4cosx+sm de

sin’ x

Isin Xxdx=-cosx+C
Icsc2 xdx =—cotx+C

Icscxcotxdx=—cscx+C
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Some other rules that might help.....

jexdx:eX+C
N
jb dx—lnb+C

Ix‘ldx:fédx: In|x|+C

Examples

1. J.%dx

2. J.[B\/%—g]dx

dx

4x% 4+ 2x
3'I 3x?

4, I(Sx + 7)2 dx

j ! dx=sin?x+C

1-x?

J.1+x2

I;
/X% -1

dx=tan*x+C

dx=sec*x+C

47



Integrate the following.

1. I(%+4x2jdx

5 J-sin9—1

cos’ 0 do

3. j 3*dx

X+/36x° —36

dt

5 J'10t5 -3
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